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Abstract

This study is concerned with the identification of certain target characteristvics
3 through the analysis of received signals, Signal phage and amplitude as functions
of time as well as the frequency spectra characteristics relating to discrete and
distributed targets are investigated, The fundamental aspects of information re-
ceived by a pulsed radar are reexamined with particular emphasis o2n the possibiii-

ties of extracting signature criteria from the signal phase as a functior of time when
measured relative to an oscillator running at the carrier frequency of the radar.
Particular significance is attached to the "'stationarity” of the phase for isolated

!

i

£

: point-targets, compared to the phase varjations in the pulse sssociated with multiple
i targets entering and leaving the pulse pocket, Coherent phase discontinuities are

§ analyzed in connection with regular distributions of point sources,
i
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Phase in the Pulsed Radar Time-dlream

1. INTRODUCTION

When a radar nulse passes over a point-target such as a resonant dipoie about
A/2 in height or over a distributed surface of resonant or nonresonant scatterers,
a different quality of echoes or sequence of echoes is received back at the radar
site. It is hoped that, by analyzing the signal events as a function of time for models
representing different distributions of scatterers, characteristics helpful for dis-
tinguishing the nature of the ref'ecting objectscan be predicated. In particular,
the phase, as a function of time {ollowing the launch of either a rectangular pulse
or a step function of cw wave cf carrier frequency w, is eximined with the aim of
noting time rate of change of phase which is related to the spectra content of the
scattered waves., The process is essgentially one of convolving a moving pulse with
a distribution of scatterers, Time-domain arguments appear to previde the best
ingights when searching for signature criteria, making use of phase and amplitude
plotted as time functions.

Transient effects are examined in Appendix<s A and B. Tusy show that tre
speciral components are cen:inuous for a single pulse or step and «discrete for a
constantly repeated pulse. This kind of apectral analysis is rigorous and, because
operations are mathematically linear, allows treatment of many target situations

it s

(Received for publication 14 April 1967)
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by superposition, Radars usually work in nondisperaive media with very wideband
amplifiers, sothe mathematical assumption thiat the specirum dus to complex target
characteristics can be superimposed on the pulsed gpe<trum is approximately
realizable.

Fourier methods which concentrate on spectrurn usually discard the signature
information contained in the time stream in both the phase vs time and amplitude
vs time functions, For ilower frequency radars, the phase vs time fund'ion can
be measured; it yields important infermation about the targets, The spectrum
analysis methods inextricably combine the amplitude and phase parameters and
critically depend on the number of repeated observations, as indicated in 'he ap-
pendixes by the examples worked vut on a short-time and long-time basis.

Resnlts of the time-domain anziysis also suggest certain processing circuitry
for identifying returns for various classes of targets, This simpie treatment is
easily and rigorously related to the physics of the problems and is experimentally
verifiable when transmitte s produce pulses with very sharp rise and cat-off times,
free of FM, and the receivers are very wideband and receive signals with high
signal-to~-noise levels,

When either a cw or a pulsed cw electromagnetic wave of frequency w is re-
flected from a fixed point-target and then beat with the same cw source bac!. &t the
launch point of the wave, a ccnstant pnase shift is observed. This ¢can be verified
by noting that a fixed standing wave exists around the launch region under these
conditions, It is also well recognized that when the target or the radar is in uniform
motion, a linear phase shift with time or Doppler frequency shift is obgserved. The
relative phase function &(t) will be calculated, as recorded at the trausriiter
location, for a pulsed radar with pulses {usually) containing many cycles of rf at

requency w.

A sequence of phase delays that produce mainly asymmetric "lower side bands"
might be expected because a propagsting pulse excites targets progresasively later
in time, It is assumed that phase comparison of the return signal against one
frequency component, the cw carrier, will yield interpretable information, Such
an approach was successful in stuaying pulse dispersion in waveguides by M. Ito
(1936). (Sce IEEE, PGMTT, May 1965.)

2. SITUATIONS BHERE ONE-BIMENSIONAL TIME-STREAY ANALYSIS
IS USEFUL AND STATEMENT OF ANALYTICAL ASSUMFTIONS

Examples of situations in which one~-dimensional radar reflections can be well

approximated by pulsed echoes are shown in Figure 1,
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Figure 1c, Far Field Radar Problem

Figure 1, Examples of Situations Where a One-Dimensional Model
of Backscatteriug is Applicable

It will be assumed that the phaze velocity is everywhere constant and equal to
c , the velocity of light, Then, of course, g = 2%/x, ¢ =} , and w=2xf = 22/T,
The transmitted cw waves will be considered plane at regions of discontinuities and
represented as A single frequency plane wave of E field,

E .
Bit,z) = —2 it -F7)

such that the phase is coistant for an observer moving with the wave at velocity

crwlg.
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Introducirg a rectangular pulse of lime duration r containing scveral sine-
wave cycles at frequency w (see Figure 2), and concentrating attention only on
the phase and strength of spectral component w, the transm..ted pulse is written

-8z
. 0 , t 5 <€
Elt,z) = AeJ(""t-BZ), 0+ 6<t-%5<7 - €
0 ,T-6<t-§.§.,
@

where t is measured from the leading-edge launch time t =0 at z = 0, The time
interval € is introduced to indicate that transient effects viewed in the time dorain
measured at z alter the representation near the times t = gz/w and t = (gzf/w) + 7,
where the function is assumed discontinuous, These time intervals can be made
rvlatively small by increasing either the pulse length or the system bandwidth, or
both, and will be omitted in the discuss:ions to follow,

e

‘o—- cr _..:
REFERENCE =~ __PULSE ENVELOPE
SIGNAL ! :
i ! : TARGETS
a H | . /S \‘ Z
0 * ct m Ty

Figure 2. Transmitted Pulsed Carrier and cw Reference Signal

It will be assumed that the distznce interval in which all targets are located
is very small compared to the range from z = 0 {backscatter) or from z = R
(forward-scatter); hence, signal variation f: »m target to target due to range attenu-
ation will be neglected. Thus, in each case to te considered the factor A will be
aggumed constant.
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It is also agsumed that a reference signal continuing at a level a<< A will be
used to beat with the back-scattered signals, or

ey

&+
E, © g eliwt - 82) , t7
reierence .

3. RESFONSE OF A SINGLE 1SOLATED POINT-TARGET, CASE | S

Consider a wave pulae launched from 2z =0 at t = 0 and reflected from a tar-

{sce Figure 2), The reflected signal will be G

get located at z = r .

Narsh

Bz
0 H t+—J<t1
ko, 2) = ‘Aalej(“‘““ﬁ*ﬁz“zﬁrﬁ s ty<teBEop ar -

gz :
9 R t1+1'<t+?- R - -

where a1e3¢1 in the reflection coefficient of the target and - - .

2pr 21'1 :
t = — = c. N
1 w c * .

Adding the reference signal to the reflected signal yields . ’ o

a i@t - B2) ,i T+ %’i(t + %?'«1 z ;
E,, + Eltz) = [aej(“’tl "B 4 pa it ﬁz’} oEt) b i BE 4
aej(wt-fe";') ,\ti*l-‘t‘(‘t“f;%’i: . ’

It is now assumed that 2 = Aa, und noted that the sum of the signals praduces a

standing wave in the z interval - ] X -

-‘g(tl-t)<z<‘-g-(t1+f—t), R .

The nulls of this standing wave are fixed at those values of 2 that lie in tﬁe above

BN

et
A

interval and satis{y the equations
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“phase shift introduced by the reflection coefficient of the target on tlie carrier fre-

—— .. - - e v e A " T Ko T S PO O T

<y

wtl-pz s ¢1+az-xnx, n = 1,8,5,,,.

Thus at any point z, the relative phase—that is, the phase of the reflected signal
relative to the phase of the reference gignal—is constant during the time interval

zZ b4
tI-EJ ctat +r -%

It particuiar, at 2z = 0 the relative phase is constent during the time interval

tl'ﬁ t\g"tl'f’f °

3.1 Remurks on Case ¢

When a s zle point-target is located at z = Ty accurately measuring the
stationary phase of the reflected signal relative to the reference signal can give
accurate range data on the target position for situations where good clocks or
gating circuits are available to establish t, to within a period T =%—'—. Although
phase information has seldom been employed to find range or arrival time of pulses,
it should be noted that for a broadband system this constant phase will be maintained
for a large {raction of the pulse time 7 and, furthermore, the information is
repeated on succeeding pulses,

Conversely, if t; can be accurately measured and the phase {“’tl - nx} is

known, then theoretical means exist for establishing ale”’l , where 4’1 is the

quangy compenent. This phase shift may be differernt for metal resonant {dipole~
like} objects than for lossy or ncnresonant objects.

Scattering from objects, especially high~Q resanant objects, can be fregquency
dependent cr dispersive, One could examine the pulse distortion (amplitude) as &
furiction of time to see how the frequency components in the nulse are phese shifted
and atténuated in the scattering with a resonant object. This is difficult as most
radiating metal objects have low-Q as gcatterers; therefore, it is advantageous to
concentrate ou the phase of the @ frequency vezgion that contains most of the energy.

For target discrimination, the stationary-phase characteristic of a point-target
should be noted, Only a single isolated point-target has this property, When the
phase in the time-stream of echoes stays constant for nearly a time 7 , an isolated
point-target is identified.




e 4. PHASE IN THE TIME-STREAM FOR WIDELY SEPARATED TARGETS, CASE il

In addition to a target at z = ry, suppese that a second target is located at z = ry
{aee PFigure 2), where —-f'——-ﬁ- is greater than a half pulse length, and assume that
i this second target with reﬂection coefficient azewz reflects « pulse that arrives back
at-our phage-comparison device at t=t, ., It will now be asaumed that phase will be
mesasured by means other than locating null positions (the VSWR method) in the vicinity
of z = 0., The total field at z = 0 due to the returns from the point-targeis at r 1
and r, can be written as

1
A[alej(‘-"l -2y | ot g ct<t,
- & ‘
El(t,o)-!-Ez(t,O) = 0 , t1+7<t<t2

A (a2e5(¢2 - ZSrZ)}ejwi s thctatytr

1] ] R t2+1<t.

E . 0 , t<t

+7

The phase at z = 0 of the total reflented field relative to the reference signal as
- ~ a funetion of time is shown graphically in Figure 3.

5. ANALYSIS OF 7WC CLOSELY SPACED TARGETS, CASE 1l

Consider now two point-targets soparated i range by less than half a pulse
{ength, that is, §epr = Ty =Ty < c; , but still separated by a large number of
wavelengthz A (3o that mutual -« upling can be disregarded), Againat z=0,

R t<t1: -
r - -
la 3(¢1 - ""‘1)] Lty <tety
E,{t, 0) + Bylt, 0) = [al iy ~aty) r 2,ei®2 - g | i ot |t br ()
A {9.2 (I(#2 - wip) ]eJ“’t L hTetet ET

. té+f<t
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and now the signals overlap in th: ee different time intervals, Three time ..
of stationary phase are distinguished as shown in Figure 4, ’

1 t ty+r t torr
S ! 1; ! f——et (time)
“wb... 2l : I l |
a i i | |
S i [} | !
‘ Sl ! !
~2Bryf==- - -~ —---—-:‘t':"""él : :
Sl I |
\\ § I
\\ i I
~ o [E—
7 SR co Sabe——— by
\‘\-M
\\
1 o
“~

#(RELATIVE PHASE)

Figre 3. Phase va Time for Widely Separated Point-Targets (Cases I and II)
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5.} Rematks on Two Targets in & Single Pulse Length

An observer at z = 0 doing phase comparison with the phasor Ecw . aej wt
would note thrae intervals of astationary phase recognizable by their time of occur-
rence and durstion, From an analysis of these phase intervals, the magnitude and
phase of the reflecticn coefficients and the range to the targets can be determined,
An observer doing only phase comparison (with nc precise knowledge of time or of
the signal strengths Aal and Aaz) would see precisely two phese jumps (one at
t2 and one at tl + 1) and would note that the relative phase does not remain station~
ary during a whole pulse, r,

When Aal, Aa2 » ¢1 s and 4»2 are measured, the phase jump at tz can be
calculated from

E(t,0 = A [a,e 3081 00 4 g e~Hata - 020 | ot |

Consider now the special case of two targets spaced closer tharn A/4 in fange,
This implies 0< w (t2 - tl) <7 . Assume also that Aal = Aa.2 = a,and $g= 9= 0,
According to Eq, (1) the total returned signalat z = 0 is

0 Jt<
aedo(ttD) o<ty
Eq(t, 00+ Eglt,0) = { a [ej“’“'m + ej“’“'tz)] Lt <t<titr @
 geleltety) st T<t<ty+r

0 ,t2+1'<t

‘We are interested in calculating the average rate of change of phase of the total
returned signal relative to the phase of the cw referencé signal over the time inter-
val t=t} to t=t; . FromEq. (2) we have at £ =t

w
{to=ty)
ae:j'2 2™

By(£, 00+ Bylth, 0) = a [t 4] - 2 cos [ 4 ta=ty)]

and

arg [B(th 00+ Bythao)| = Gty

[5) z
since 0<-é (tz"tl) < '2" .

Vo i
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Thus, the relalive phage at { -
.t = 23 + ? - E cﬁw , 2 P -
¢(t2) arg {El(tz,()) + Ezftz, 0)} wtz 2 &2-&- tl) , 0€ ry =1y < % .
Also from Eq, (2) we have at t = t'; R

+ +
El(t1,0)+E2(tl‘.8) s al

hence, the relative phase at t = t}‘ is
+ + +
s = arg[ B L0+ B6h 00| < wty = oty .

Note that, since ¢(t) is constant for ty<t< tz » it follows that

S~

- + -
ottg) = Bt = -aty . -

Therefore, the average rate of change of reiative phase ¢an be written and evaluated
as followss )

a5 -] oD -ot3)  [rump in o) ate - tz]
At T T t- by = tz;ﬁti’“ = 1 ”tl :*f. (3)

This average rate of change, ~w /2 5 can be interpreted as the slope of the
Mvelope “eurve. .in Figure 4 under the assumed condlﬁons. 17 the relative _phase.

-curve followed the envelope curve over the interval < t< tz »-then a frequency.

shift of -w / 2 inthe returned signal would be. expected In practice the determina-
tion of the pnasn jump would require phase measurement in a time mterval of T/2,
but that is not practical, - if'the target spacing exceeds A/4, then additional phas.
shifts of -k#, k=0,1,2,.,. are present, depending on the spacing, and the slope
of the envelope curve is no longer -w/2,

6. DISTRIBUTIONS OF RADAR TARGETS CONSIDERED AS ANTENNAS

Before looking at more general cases of distributed targets characterized by
reflection coefficients and geometric arrangements, it will be of value to review
the easentials of antenna array theoty, which govern parasitic arrays; Consider )

oy
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the radar return from a sequence of regular reflections {a# obtained from reégularly
spaced trees on the earth) as equivalent to the response of & huge antenna that is
progressively excited by & long burst of radio energy. Of primary interest are the
back-fire scattering characteristice of this huge surface-wave antenns, with parti-
.cular attention to both the gain (signal or echo strengths as functions of time) and
the phase:(especially as a function of time) of the scattered field, treated as an
antenna pattern, This is a profitable viewpoint in radar signature analysis,

The field strength of the echoes measured at z = 0 for Case III with two tar~
gets separated by Ar =r, -r, is given (approximately) by

E(t, 0) = Ey&0) + E,(4,0) = A, [;-i edlwty - ¢p) ;-z- eilwty - 4’2’] edut |
{4)

In radar studies, the time and phase dependence is usually suppressed, and
attention is concentrated on range and amplitude of the radar return, In antenna
pattern axalysis, time and range attenuation are suprressed and the poini-targets
are usually assumed to radiate isotropically. If we consider the radiation pattern
in the back direction (most used in radar) as a function of target reflection and
geometric arrangement, we can write for the field at z =0

B0 « A age TG4 o070 o307 | ot

¢ AR a s | ot @

Maximum backscattering will occur if there exists some number k ,.
k 8‘0. ‘.!: ;5 tz. soes Suc}l that

1= ¢y~ 20r+ 2ks = ¢, - LR 4 oy |

This condition will be satisfied and

E6O = [E] . = |Ale;+ 3y

ar = 3, ¢, = ¢,, and k=1,
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The condition for minimum backscattering is that there exist some number
k, k=0, + 1,+2, .,., such that

- ¢ = ¢~ + (2k+ ) x , 3»’;”

4xAr

Y
Therefore, minimum backscattering will occur if % = % and Ar = Af/4, For
identical targets with Ar = A/4 it follows that

B0 = |8| = o]+ ay-a,] = 0.

It is easy to generalize these results for many equally spuced targets, It is
well known that in a transmission line identical small reflections spaced —7‘-25— apart
cause very large backscattering or VSWR. Conversely, if A is selected such that S
the spacings Ar are nif4 and n is an odd integer, a growth of trves with regular Lo
radial spacing should produce a small return on the radial lines about a radar L
(azimuth bins). -

7. THE FORWARD-SCATTER MAXIMA FORK A DISTRIBUTION OF TARGETS - -

. . it e
e, v SSRuE SRk ok i LY

The scattering in other directions, such as broadside and end-fire, was neglected,
- & When thinking about the strength of the return with different modulations (frequency .
‘ ,’ . variations with time or partiaily coherent waves temporally), it is interesting to
ST consider how a beam of electromagnetic energy scatters in all directions, This
- . theme i beyond the scope of this paper, but it can easily be shown that a coherent
) radar wave always produces strong forward-scatter when exciting similar targets,
3 i - regardless of their geometric spacing. This is not true for temporally incoherent
- radar waves,
. - To illustrate this, forward-scatter (the extinction cross section) at z = R>>r

M
of a line distribution of M point-scatterers ig calculated,as shown in Figure 5, The

‘.': . forward-scattered field, measured at z = R, vill be
B - oM M
¥ ' E®,R) = Aedvt E ake'jﬁrk el%% eIBR-T) _ 4 i(wt-AR) Zake“’k .

¢
Note that E(t, R) is independent of all the Ty s, When $ =9 for all &, then
the forward-scatter 1 ill be maximum and will equal IA I + 8, +eecta

SRR O A Lt

M
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Figure 5. Forward-Scatter From a Line Distribution of M Point-Scatterers

8. THE MANY~TARGET PROBLEM WITH REGULARLY DISTRIBUTED IDENTICAL
SCATTERERS, CASE IV

Attention is again-turned to radar backscattering from a surface with a distri-
bution of point-scatterers, where it is desired to interpret the nature and configura-
tion of these scatterers by studying phase in the time-stream; also considered are
the effects of variation in w or 7 to either maximize or minimize the amplitude
of the scattering from target configurations, Variations in propagation velocity ¢
are still neglected, 2lthough a reactive surface (¢k#0) will support a trapped sur-
face wave when its velocity v is less than ¢ as on a yagi antenna, Itisassumedthats
plane wave travelling at v = ¢ drives or excites the scatterers, This assumption
is a good approximation of anairborne radar illuminating the earth from a high altitude.

Consider the backscattering phase vs time function for a periodic scattering
surface made up of many scatterers regularly spaced and of equal reflection co-
efficients, ael?® (see Figure 6), The returned signal from N targets measured
at t=t is

;1) At sin (wNAt)

N-1 N
s X (
Eft,0) = Ase’?el¥'n Z:e‘J‘*’*n-k - nael® ——
k=0 sin (53™)

where tn is the time when the echo from the target at z = T, first returns to

z =0, This returned signal will be compared to the reference phasor Ecw = Aged¥t .

For uniform regular spacing we can write
ryer_y = Ar = Ar

ti-t_g = At .
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#igure 6, Backscatter From a Line Distribution of Point-Targets

It will be assumed that at all times the transmitted pulse of length 7 illuminates
precisely two N targets, Then at zny instant the signal received at z = 0 is the
sum of the echoes from precisely N targets, Thus,

el A2 A s e b et 3T

Nar =L, ar = 284, and Nat - 7,
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Wewish to calculate the average rate of nhange of the relative phasge of the returned
signal over the time interval tct<t 4o Now

PENE AR

N-1
Aged(®+ winyp) e~dwtns 1ok
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N=-1
ool @+ Wt E el [tn+1-k oy - ‘n’]
k=0
N-1

= Aaej(¢+ wtp) E e sty g
k=0

Bty 1, 0)

i

E,0 .

: Thus, the relative phase at t = tn+ 1 is

Bty ) = avg [Ely, 0] -ut
i andat t= tn is

st = acg [E@,0 ]| -at, .




The average rate ¢! change of relative phase over the interval tn <t<t oy is,
therefore,

se 1ty
at At RO .
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Any periodic structure will have a large zero frequency component of scatter-
ing independent of pulge length as Ar—-0 and At-0, This situation is illustrated
with the phase~-time disgram (see Figure 7). Thus, under the conditions assumed,

a very large or infinite periodic structure acts like point-targets spaced further
apart than 7 (Case II) and has a phase vs time envelope curve that corresponds

E to a nonradiating frequency. This loading up of phase by amount [( N-1)/ 2] wAt+ ¢
might be detected by long-line effects as w i8 varied,
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Figure 7, Phase vs Time Chart for Many Identical Targets With Uni-~
form Spacing Greater Than c 7/2
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9. REMARKS ON MORE GENERAL TARGET SITUATIONS

A strong target in nearly homogeneous clutter should have a much more station-
ary phase characteristic than the clutter alone, To analyze general cases it is help~
ful to use Cornu~-spiral representaticns, Egq, {4) can be expressed more generally as

n n
E(tn’ 0) = E Ek(tn' 0) = Aei¥tn E ake-j(wtk+¢k) .
k=1 k=1
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The phase of E(t 0) relative to E, (t ,0) 1is given by the phase of the vector
E(t 0)e ~19% and 18 ahown in Figure 8 for the cagses n=1,2,3,4, and 5,
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Figure 8, Cornu-Spiral Reprezentation for One to Five Targets Entering the Pulse

Jig ag>>ay . k # 3 (as might occur for a resonant metal target in clutter), then
the reflected signal E3(tn, 0) that arrivesat z=0 at t= t; causes an appreciable
shift in the relative phase (and amplitude) of E(tn, 0). (See Figure 8,) As long as
the return from the scatterer at z = ry is being received at z = 0, the addition or
subtra ction of other target returns (being much smaller than Aa.3 ) will not rapidly
change the phase of E(tn, 0).

10. SIGNAL VARIATIONS CONTROLLABLE BY CHANGES IN CARRIER FREQUENCY
OR PULSE LENGTH

In this section the influence of pulse length and frequency variations on the
amplitude siguature function for various regular periodic scattering structures are
discussed, A pulse that at each instant excites precisely 2N uniformly spaced
identical targets with reflection coefficients aej'i’ has an echo at tn = Zﬁrn/ W,
according to Eq, (6) given by

S jotThyat | stn (258
Eft,, 0 = Aaell®toty) ; e it~k = Agel®e “““?UZ‘F‘
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where At =t =t

n n-1°
length, then
4%" = wat ,
st - 22n
and
T = Nat ,

Changes in Ar, w , and r affect E(t,0) . The maximum return

i
Ema.x (£, 0) = ‘A'IaN

occurs when

5 = mar m=0,15%,...

A practical case occurs when m = 1, that is,

To reduce clutter or E(t, 0} set

. (_MI?A{ 3 0

sin 5 =
and

sin (Q-%% i o,
This ieads to the condition

WA
- 5

whers p ig #'. integer, not a multinle of N,

K Ar=r-r _, i8the element spacing and 7

[T
o3

is the pulse

For a given target distribution,
ig‘ ¢eibwt v ani w are variable,
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When N is large, which cazn oe realized by increusing the pulse length 7,
there will be many miniina between the {irst + wimum when spacing goes to zero,
that is, Ar--0, at~-0, and the second maximum Ar - A/2 (sec Figure 9),

When N is large manuy ripples will occur, but the envelope of the scatter amplitude
will drop down %o 1/N or zero at A/4 spacing, depending on whether N is odd or
even, Thus, a rather broadbsnd reglon of Jow scatteriug crosa section would be
predicted for Ar « A/4, and a very strong maximum when spacing or spacing times .
cosy, where v is elevation angle, is equal to A/2; .

AX‘COS‘YE!% .

These conditions would likely be encountered by radar reflection from water waves
or from wooded areas, Single adjustment of frequency may greatly reduce clutier

seatter.
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Figure 9, Wavelength Dependence of Backscattering From Uniformiy
Spaced Targets

The amplitude of the echo stresm for a long pulse eatering and leaving a ]
periodic structure of scatterers will be

Aa sin (9-4’%‘3-)
| B, 0] =|——— (ot .
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waere M ig the total number of targets contributing to the echo at the time the
signal returns to z = 0, This funciion will have a maximum aqual to IA; aM
when 9-933- = 7 or % = Ar .,

If the pulse length T = NAt = N 'At, where N' isg the total number of targets,
then M will vary progressively fr~m G to N’, remain constant at N'for a time

icterval (N -~ N*) At, and then decrease to 0, If the periodic row of scatterers

is longer than -%, that is, 7T = NAt< N*At, then M will vary in a manner samilar
to the above case, reaching u maximum of N, With Ar = -721 the echo amplitude as

a function of time will be as shown in Figure 10,
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Figure 10, Behavior of Signal Amplitude for a Uniform Line Distribution
of Perfodic Targets Extending Over a Lenth Greater Than c3/2
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Appendix A

Fraquency Spectrum of @ Repeoting Sequence of Rador Pulses
on o Long~Time Basis

¥ f(t) is a periodic wave of fundamental frequency w 1° 2r /'1‘1 defined over
the interval -«<{ <=, then it can be expressed as

o
1 = E A elrest (a1)
n=~wo
where
T
1 ~jnw 1t
An=,—r—1~ff(t)e1 Foat ., {a2)
(]

The frequency spectrum of f{t) will then be discrete and can be expressed in terms
of §-functions as follows:

-]

oty
Flo) = f (0 eI @« 20 3 A olenay) (a3

= nx=wo

U now the wave f(t) is truncated for l ti > T, then the frequency spectrum becomes
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sin (w-nwl)T
Flw) = E 28, T “oomap T g

Nu=9o

and is no longer discrete but continuous, In effect each line of the discrete spectrum
has been modified in amplitude and spread into a (sin wT)/wT shape centered at the
spectrum line, The extent of the spreading, that is, the half-power beamwidth of the
{sin wT)/wT pattern as a function of @, is inversely proportionalto T and, hence,
for large T the spectrum can be considered discrete,

In the analysis that follows we will agsume that f{t) is either a periodic high-
frequency pulse truncated for very large T or a superposition of such pulses dis~
placed in ¢ime and phase, Under these conditions the frequency spectrum can be
considered discrete and can be closely approximated by Eq, {A3). If in the funda~
mental pericd 0=t<T, , f(t) is given as followss;

jlw t+¢,)
(w =4 % ° % | ogt<pmy
G » P t<Ty

and
2P0, = To<Tys< T ,
then Eq, (A3) becomes

Flw) = 2!2 c, 8w - nw,)

Yj==

where

2u sin{(l/S)pTl (o, - nwy 1} -
= o) o (/2p Ty (@ nwy) + ¢
Cn Tl(wo v n&’l) ej{ / 1 o 1 0}

It g{t) is f() shifted in time by 7 , then
0 , 0St< o

gty = fft-7) = uoej(w°t+¢°) e IWoT s TSECPTYH T

0 , PTy +7<t <Ty
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and G{w) , the frequency spectrum of g(t) , is given by

: Glw) = 27 D 8 (v -nw)
' x;‘" !
where
2u_sin{ (1/2)p T, (v, = nw )}
L o ~jwT _ %Yo 1o 1 #(1/2)p T, (@_ = nw,)+ ¢, = wT
Dn = e Cn = Tl(“’o'n“’x) e{ / 1Y% 1 (o] }

k Note that th~ locationg of the spectral lines W, = nw, depend only on the pulse

repetition frequency wy and not ou the high frequency w o? the high-frequency

3 phase by 0 the time location of the initial value of the pulsge T, or the pulse le
p’l‘1 . Hence, the superposition of additional pulses of different high frequenc ., B
different high-frequency phases, different time locations of initial values, and dif- z
ferent pulse lengths will not change the spectral line locations, ;

It is apparent that spectral analysis on a long-time basis will not produce sig-

nificant information of the type we seek, We next consider spectral analysis on & r
short~-time basis,
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Appendix B
Frequancy Spectrum of « Finite Number of Radar Pulses
Let {{t) be a single radar frequency pulse as follows:

1) =< cos (wyt+¢) , |t~‘rl <T . (BY)
0 ,|t--r] >T

The radar frequency is o* the pulse is centered at time T = r, and the pulse
length is 2T, The frequency spectrum of this pulse is

sin {(w -9 T]_ JWoT + &)
w=-w)

Mw) =

sin [(w+w°) Tl

TR e HOT+ do) ¢ jUT (B2)
[¢]

Provided T >» 1f L) that is, provided there are many cycles of the radar fre~
quency in one pulse length, the amplitude of F{(w) is as shown in Figure Bl, Note
that the resulis for |F(w)l as shown in Figure Bl are essgentially independent of
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gliﬁure B1, Plot of Amplitude of Frequency Spectrum for a Single Radar
se With T » 1w

Now consider the cagse of N equally spaced radar pulses with Tp X D7
¢ = ¢° ,n=0,1,2,..,.N=1, The spectrum of the supserposition of these pulses is

n
N-1 I N-1
sin (w-uo)'li .
_ j ~inT,. (W - w,)
Fp = @=) “%Zej ° °
n=0 n=0
I ' N-1
sinj{(w+w )T . .
- -jnr (w+ w )
+ (“H'“’o) e 1% z;'e]o o
n=
or
N-1

£, sl grianlE ey ] o[y
T - g) - o ©
RSN

wt w €

b m—————.
{w+ @)
0 sin{(—z—-g-) To

(B3)
Again, if T>> ll% , then for w> 0
N-1 | sin [(w-wo)T] sm[%f (“"'“’o)"o]
2 n @y sinKEf prny ) To] . (B4)
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wicoming tangent to these bounds at w = w  +

B3

We are most interested in the case where all pulses overlap the initial pulse,
that {s, N7 o< 2T , The first factor in Eq, (B4) {38 the same as the single pulse
result, The form of the second factor for the case N = 10 is shown in Figure B2,
Since for w >0 both factors are symmetrical with respectto w = W, and have
their peak values at this point, thelr product will be symmetrical with respect to
w =, and will have its peak value NT at this point, The condition Nt o< 2T

implies 4n , 2n and hence, from Figures Bl and B2, we conclude that the first

Nt T
zeros of Eq.o (B84) will occur at the firat zexos of the first factor, that is, at

w =Wk z/T. The function of Eq, (B4) will lie between the curves

NT sin[(w - wo) Tj
Gt (w) =+ (@=-w)T ’

2m1r‘ m=0,+1,+2,,,.

To

A:H(w)
-
:’N'r(, i

= -

|
{f\ A~ ~_ N\ f\._,w

JEETA
VI\VVU‘%U o N\

sin [—l;- {w - wo) 70]

Figure B2, Plot of H(w) = ; the Second Factor in

Eq. (B4) sin H— (@ = w,) 70]
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